The zeta function of G5 x ()5
counting ideals

1 Presentation
G3 X Q5 has presentation

(@1, 22] = x3, [T1, 23] = 5, [T2, 4] = @5,
[c,a1] = b1, [c, az] = by ’

<c,x1,x2,x4,al,a2,$3,m5,b1,b2

G'3 X Q5 has nilpotency class 3.

2 The local zeta function

The local zeta function was first calculated by Luke Woodward. It is

<(<;]3><Q57p(8) = CP(S)CP(S - 1)Cp(5 - Q)CP(S - 3)Cp(5 - 4)<p(5 - 5)Cp(35 —6)
X Gp(3s = 7)¢p(5s — T)Cp(Bs — 8)Cp(5s — 12)¢p(7s — 9)
X Cp(7s — 14)(,(9s — 15)¢p(11s — 16)W (p, p~?)

where W(X,Y) is

14+ X6y3 _ x6y5 _ xTy7 _ x12y7 _ xly8 _ yl3y9 _ x15y10 _ y20y10
L XYl _ xlyll | xl5yll | xldyl2 | xI5y12 16312 | x20y012
_X2y12 4 x19y 4 | gy 21y ld | y22y 14 x23y14 | 2315y x26y15
L oX22y16 | 2616 | 2Ty 16 28y 16 26317 4 2Ty AT 4y 28T
L X20YLT 4 x 23y 18 | 28y I8 x27y19 | 28yl | 30719 L xr35y-19
4X29y20 _ x28y21 4 y3ly21  y33y21 | x36y21 | 3522 y20y23
_ X34y23 _ X623 | x3Ty23 _ x36y24 _ xdly24 | x35y25 _ x36y25
_ X3TYy25 4 x38y25 | y36y26 _ x37y26 _ x38y26 o x42y26 _ y38y27
_ XAlyT | xAly28 | xA2y28 943y 28 | xd5y28 | 4330 yrddyr30
4 X48y30 _ x49y30 | y50y/30 | yd9y31 | x50y31  x5lyBl  yddy a2
L X40y32 | xSly 33 4 y50y34 | y52y35 | 5Ty35 | x58yB7 | y58y39
_ x64ya2

CC<7']3><Q5 (s) is uniform.



3 Functional equation

The local zeta function satisfies the functional equation

_ ,.45—19s

Céstsap(s” =p Céaszyp(s)'

p—p~t

4 Abscissa of convergence and order of pole

The abscissa of convergence of Cé‘sts (s) is 6, with a simple pole at s = 6.

5 Ghost zeta function

The ghost zeta function is the product over all primes of

CP(S)CP(S - 1)Cp(5 - 2)(}?(3 —3)p(s — 4)<p(3 - 5)Cp(35 - 6)<p(35 =7
X Cp(5s — T)(p(5s — 8)(p(5s — 12)(p(Ts — 9)(p(Ts — 14)(p(9s — 15)¢,(11s — 16)
x Wi(p,p~*)Wa(p,p™*)Ws(p,p™*)Wa(p,p™*)

where

The ghost is unfriendly.

6 Natural boundary

<C<¥]3XQ5 (s) has a natural boundary at R(s) = 2, and is of type I.



