The zeta function of
H x H x M3 counting ideals

1 Presentation

H x H x M3 has presentation

[2,21] = 2, [2, 22] = x3, >

2,21,t1,to, U1, U2, Lo, V1, Vo, T
<7 1,041,102, U1, Uw2,42,01,V2,L3 [tl,ul]:vl,[tg,uﬂ:vg

H x H x Mj3 has nilpotency class 3.

2 The local zeta function
The local zeta function was first calculated by Luke Woodward. It is

<I<{]><H><M3,p(8) = (p(8)Cp(s = 1)Cp(s = 2)Cp(s = 3)Cp(s — 4)p(s — 5)(p(3s — 6)3
X Cp(4s — 6)(p(5s — 7)(p(6s — 7)(p(7s — 8)(p(8s — 8)
X (p(8s — 14)(,(9s — 9)¢p(9s — 14)(,(10s — 15)¢,p(11s — 16)
X (p(12s —21)W (p,p™°)
where W(X,Y) is
1 —4X°Y% +3X7Y5 —2XY0 + X7YC +3X0YV7 —6X7Y" 4+ 2X8Y 7 + X0y
—2X7Y® 4 X12y® —ox1BY® — XOy9 4 3X7Y? — 3x%Y? 4+ 3x12Y?°
_ 6X13Y9 + 2X14Y9 + X13Y10 _ 2X14Y10 _ X12Y11 + 10X13Y11
_ 9X14Y11 4 4X13Y12 _ 4X14Y12 4 X15Y12 _ X18Y12 4 3X19yl2
_3x20y12 _ x18y13 4 gy ldy13 _ 5x15y18 | o x 19y 13 _ 2113
_ 2X13Y14 + 9X14Y14 _ 5X15Y14 + X19Y14 + 4X20Y14 _ 3X21Y14
_X1By15 _ xlayls L px 15y 15 _ g x16y15 _ 3 x19y15 | g x20y15
—9X22y15 _gxl4yl6 4 gx 15y 16 _ 11 x19y16 4 19 x20y16 _ 4 x22y16
_ XBY1T L ox 16y 17 _ x19y1T _ 5y 2017 4 qq x 2Ly 17 L x23y17
_ 3X25Y17 4 5X26Y17 4 3X27Y17 _ 3X28yl7 + 6X19Y18 _ 26X20Y18
+ 21X21y18 + 4X22Y18 _ 3X23Y18 _ X25Y18 + 2X26y18 + X28Y18
o X20Y19 o 7X21Y19 + 8X22Y19 + X23Y19 + 6X25Y19 o 22X26Y19
+ 13X27yl9 + 8X28Y19 _ 3X29Y19 + 7X20Y20 _ 24X21Y20 + 15X22y20
+ X23Y20 + 2X25Y20 o 14X26Y20 4 8X27y20 + 6X28Y20 o 2X29Y20
_ X33y20 4 9xB4y20 | x21y2l _ gx22y21 | 9x23y21 _ gx25y21



+ 18X26y21 _ 38X27Y21 + 14X28Y21 + 8X29y21 _ X3Oy21 _ 2X32y21
+3XFYH 45XV 14X Y 4 7XPY?? 4 11Xy - 28X 2Ty
+ 2X28Y22 + 11X29Y22 _ 2X30Y22 + X32Y22 _ 7X33Y22 + 6X34Y22

_ X22y23 _ 3X26Y23 4 20X27Y23 _ 40X28y23 4 14X29Y23 + 2X30Y23
4 7X32Y23 _ 20X33Y23 + 6X34Y23 4 5X35Y23 + 3X22Y24 _ 5X23y24

+ X24Y24 _ 2X26Y24 =+ 23X27y24 _ 37X28Y24 + 3X29Y24 + 6X30Y24

4 X32Y24 4 12X33Y24 _ 36X34Y24 4 19X35Y24 _ X36Y24 4 17X28y25
_ 33X29Y25 + 8X30Y25 + 2x31y25 _ 5X32y25 4 27X33y25 _ 36X34Y25
+ 7X36Y25 + X39Y25 _ 5X40Y25 + 3X41Y25 _ 4X27Y26 4 27X28Y26

_ 29X29y26 + X30y26 + 9x31ly26 _ x32y26 + 9 X33y 26 4 29X34Y26
—56X70Y?0 4 18X %0y ?0 4 X3Ty?0 43Xy 20 — 10X10Y?0 45Xy
_ X28Y27 4 12X29y27 _ 12X30Y27 4 X32Y27 _ 8X33Y27 4 47X34Y27

_ 52X35y27 + 4X36Y27 + 3X37Y27 _ 2X39y27 4 13X4OY27 _ 21X41y27
+ 4X42Y27 + 2X43Y27 _ 4X28Y28 + 14X29Y28 _ 8X30Y28 _ 2X31Y28

_ 3X33Y28 4 9X34y28 + 31X35Y28 _ 46X3ﬁy28 4 7X37y28 + X38y28

+ 24X40Y28 _ 39X41Y28 + 9X42Y28 4 2X43Y28 + X29y29 + X30Y29

_ X31y29 _9x33y29 _ 11X34Y29 + 62X35Y29 _ 51X36Y29 + 4X37Y29
4 X38Y29 + X39Y29 _ 4X40Y29 =+ 23X41Y29 _ 24X42Y29 + X44Y29

4 3X46y29 _ 5x4Ty29 | x48y29 | x29y30 4 gx30y30 _ x31y30

— 11Xx34y30 + 19X35Y30 4 929 x36y30 _ 26X37y30 + 92X 38y30 _ 6X39Y30
_ 4X40Y30 + 69X41Y30 _ 69X42Y30 + 11X43Y30 + X44Y30 + X47Y30

— X48y80 _ x49y30 _ g x84yl gx35y31 | 43 x36y31l _ 96 x 3Ty 31

4 2X38Y31 _ X39Y31 _ 5X40Y31 + 18X41Y31 4 16X42Y31 _ 26X43Y31
4 4X44Y31 _ 5X46Y31 4 20X47Y31 _ 16X48Y31 4 2X34Y32 —11Xx35y32
+ 10X36Y32 + 13X37Y32 _ 8X38y32 4 3X39Ys2 _ 14X40Y32 _ 25X41Y32
+ 112X42Y32 _ 71X43y32 + 6X44Y32 + X46Y32 + 7X47Y32 _ X48Y32
—7XA9Y32 4 9xP0y 32 _ 5x35y33 _ 9x36y33 | 91 x37y33 _ 1 x38y33
+4X10YE 28X MY 4 32 XY 4 24X BPYH — 22X MY 42X Py
—oX46y33 _10X4TY 33 4 46X 48Y 33 — 31 X9y 38 4 ox 00y 33 4 x35y34
_ 4X36Y34 =+ 2X37y34 + 4X38Y34 _ X39Y34 + 5X40Y34 _ 16X41Y34
33X 42y34 | g3 x43y34 _ 39 x4y 34 4 x5y 34 _ g 46y 34 1 x4Ty 3
4 32X48Y34 + 5X49Y34 _ 17X50Y34 4 3X51Y34 + X 53y 34 4 X 54y 34

_ X5oy34 _3x36y35 _ ox3Ty3b | 5x38y35 _ x40y 35 _ 9o x42y35

4 23X43y35 + 13X44Y35 _ 7X45Y35 4 3X46Y35 _ 14X47Y35 — 91 X48y35



+ 77X49Y35 _ 36X50Y35 + X51Y35 _ X53Y35 + 3X54Y35 4 2X55Y35
—2X56y35 L 7 X Y36 _ 92 x42y 36 _ 90 X4y 30 4 51 X4 Y36 — 12X40Y36
_ X47Y36 _ 39X48Y36 + 53X49Y36 + 4X50Y36 _ 9X5ly36 _ 7X53Y36

4 6X54Y36 4 14X55Y36 o 9X56Y36 + 2X41Y37 _ 4X42y37 o 20X43Y37
+ 20X MY 4 10X YTY?T — 32X YT — 28X YT 4 80XV — 26 X% YT
_ X53Y37 _ 8X54Y37 + ].6X55Y37 + X56Y37 _ 3X57Y37 + 7X42Y38

_ 13X43Y38 _ 11X44y38 4 14X45Y38 4 7X47Y38 _ 6X48Y38 _ 58X49Y38
+ 60X50Y38 _ 4X51Y38 _ X52Y38 + 7X53Y38 _ 25X54Y38 _ 7X55Y38

+ 44X56Y38 o 13X57Y38 o X58Y38 + 3X42Y39 o X43Y39 o 14X44Y39

+ 9X45Y39 + 22)(48}/39 _ 46X49Y39 _ 30X50Y39 + 59X51Y39 _ 13X52Y39
4 2X53Y39 o 6X54y39 o 30X55Y39 + 43X56Y39 o 8X57y39 _ X60Y39

_ X61Y39 + 4X62Y39 _ X63Y39 + 2X43Y40 _ 3X44Y40 _ 3x45y40

4 2X46Y4O _ 2X47Y40 =+ 15X48Y40 _ 2X49Y40 _ 60X50Y40 4 41X51Y40
—2X°2Y 10— 2X Y0 4 19X5Y 10 — 36 X0V — 26X°0Y 10 4 51 X7y
_ 10X58Y40 _ 3X60Y40 _ 2X61Y40 + 5X62Y40 4 X44Y41 _ 2X45Y41

_ X48Y41 4 26X49Y41 o 35X50Y41 o 25X51Y41 4 27X52Y41 o 3X53Y41
4 16X54Y41 _ zox55y41 _ 54X56Y41 + 57x57y41 _ 8X58Y41 _ X59Y41
+ 2X60Y41 _ 4X61Y41 _ 9X62y41 + 10X63Y41 _ 3X48Y42 + ].2X49Y42

o X50Y42 o 25X51Y42 4 9X52Y42 o 2X54Y42 =+ 37x55y42 o 58X56Y42

_ 25X57Y42 + 41X58Y42 _ 6X59Y42 + 7X60Y42 _ 13x61y42 _ 14X62Y42
+ 17X63Y42 o X64Y42 o X49y43 + 17X50Y43 o 14X51Y43 o 13X52Y43
+ 7X53Y43 o 6X54Y43 4 41X55Y43 _ 25X56Y43 _ 58X57Y43 + 37X58Y43
_ 2X59Y43 + 9X61Y43 _ 25X62Y43 _ X63Y43 + 12X64Y43 _ 3X65Y43

4 10X50Y44 _ 9X51Y44 _ 4x52y44 =+ 2X53Y44 _ X54Y44 _ 8X55Y44

4 57X56Y44 _ 54X57Y44 _ 20X58Y44 4 16X59Y44 _ 3X60Y44 + 27X61Y44
o 25X62Y44 o 35X63Y44 + 26X64Y44 o X65Y44 o 2X68Y44 + X69Y44

4 5X51Y45 _ 2X52Y45 _ 3X53Y45 _ 10X55Y45 4 51X56Y45 _ 26X57Y45
— 36Xy 4 19Xy — 2X0y 15 — 2 X0y 4 41Xy — 60Xy
_ 2X64Y45 + 15X65Y45 _ 2xﬁ6y45 + 2xﬁ7y45 _ 3X68Y45 _ 3X69Y45

4 2X70y45 _ X5OY46 4 4X51y46 _ X52Y46 _ X53Y46 _ 8X56Y46
+43X57y 46 — 30X58y 46 — X5y 46 4 960y 46 _ 13X61y 46 4 59x62y46
_ 30X63Y46 _ 46X64Y46 + 22X65Y46 4 9X68Y46 _ 14X69Y46 _ X70Y46
+ 3X7ly46 o X55y47 _ 13X56Y47 + 44X57Y47 _ 7X58Y47 o 25X59Y47
+ 7Xﬁoy47 o X61Y47 _ 4X62Y47 4 60X63Y47 _ 58X64Y47 _ 6X65Y47



+ TXO0YAT 4 14Xy — 11Xy T — 13X OV 4 TX T YT — 3 X0y
+ X57Y48 + 16X58Y48 _ 8X59Y48 _ X60Y48 _ 26X62Y48 + 80X63Y48

_ 28X64Y48 _ 32X65Y48 4 10X66y48 + 20X69Y48 _ 20X70Y48 —AXT1yH48
+ 2X72Y48 _ 9X57Y49 4 14X58Y49 4 6X59Y49 _ 7X60Y49 _ 9X62Y49

+ 4 X683y 49 + 53X64Y49 _ 39X65Y49 _ X66Y49 — 12Xx68y49 4 51X69Y49
_ 20X70Y49 _ 22X71Y49 + 7X72Y49 _ 2X57y50 4 2X58Y50 + 3X59Y50

_ XG(]ySO 4 XGZySO _ 36X63Y50 4 77X64Y50 _ 21X65Y50 _ 14X66Y50
+ 3X67Ys0 _ 7X68Y50 4 13X69Y50 =+ 23X70Y50 — 99X 7T1y50 _ x73y50
+ 5X75Y50 _ 2X76Y50 _ 3X77Y50 _ X58Y51 + X59Y51 + X60Y51

+ 3X62Ys1 _ 17X63Y51 4 5X64Y51 T 32xﬁsy51 — 11x66y51 _ 3X67y51
+ X0y — 39X YR 4 93X 0y — 33X TIYPT — 16X YO 45X Y
_ X74Y51 + 4X75Y51 + 2X76Y51 _ 4X77Y51 —|—X78Y51 4 9x63y52
—31X64y52 | 46X 65y52 _ 10X 66y52 _ 9 x 67y 52 | 9 x 68y 52 _ 99 x 69y 52
+24X70Y5? 4 32X TV — 28X Y02 44X TPV — 10X Y% 4 21 X0V
—9XTTY2 _ 5XT8Y52 4 9x63y53 _ 7x64y 53 _ x65y53 | 7x66y53

+ XOTY?? 46XV — 71XV + 112X 7Y — 25X Y PP — 14X Y
+ 3X74Y53 _ 8X75Y53 4 13X76Y53 T 10X77Y53 _ 11X78Y53 + 2X79y53
_ 16X65Y54 + 20X66Y54 _ 5X67y54 + 4X69Y54 _ 26X70Y54 =+ 16X71Y54
418X T2y P4 5 XT3y 54 _ xTAy Pt 4 oxToY 54 _ 96X TOY 54 4 43X 7Ty 54
_9xXT8Y P4 _ g3 xTOy54 _ x64y 55 _ x65y55 | x66y55 4 x69y55

+ 11XV — 69X Y0 4 69X Y50 — 4X Y — 6X 7Y 42X Y
_ 26X76Y55 4 22X77Y55 T 19X78Y55 _ 11X79Y55 _ x82y55 T 3X83y55
_ X84Y55 + X65Y56 _ 5X66Y56 + 3X67Y56 4 XGQySG _ 24X7ly56

4 23X72Y56 _ 4X73Y56 4 X74Y56 4 X75Y56 4 4X76Y56 _ 51X77Y56

+ 62X78Y56 _ 11X79Y56 _ 2X80Y56 _ X82Y56 + X83Y56 + X84Y56
+2X7OVPT 4 9XTIYOT — 39X YT 4 24X YT 4 XY ST 47X 0y ST
—A46XTTYST L 31XT8Y5T L gXTIY DT _ 3x80y 5T _ 9 x82y 57 _ g x 83y 57
+14XPYOT - 4XPYOT 42XV 4 AXTIY O - 21X YO 4 13X Y
_ 2X74Y58 + 3X76Y58 4 4X77Y58 _ 52X78Y58 + 47X79Y58 _ 8X80Y58
+ X81Y58 _ 12X83Y58 4 12X84Y58 _ X85Y58 =+ 5X72y59 _ 10X73y59
+3XTY 4 X0V 4 18X TTY P — 56X T8V 4 20X Y50 4 2 X80y

_ x8ly®9 4 92X 82y 59 + X83yd9 _ 29X84Y59 4 27X85Y59 — 4x86y59

+ 3X72Y60 _ 5X73Y60 4 X74Y60 4 7X77y60 _ 36X79Y60 + 27X80Y60

_ 5X81Y60 + 92 x 82y 60 4 8X83Y60 _ 33X84y60 + 17X85Y60 _ X77Y61



4 19X78Y61 _ 36X79Y61 + 12X80y61 =+ X81Y61 + 6X83Y61 4 3X84Y61
_ 37X 8yl 4 9386y 61 _ o x8Ty 6l | 89y 61 _ 5590y 61 | gyx91y6l
+ 5X78Y62 4 6X79Y62 _ 20X80Y62 + 7X81Y62 4 9 x 83y 62 4 14X 84y 62
— 40X Y62 49X 86y 62 _ 3x8Ty62 _ x91y62 | gxTIy63 _ 7 x80y63
4 X8ly63 _ 9 x83y63 4 11X84y63 T 92 X85y 63 _ 28X86Y63 4 11X87Y63
4 7X90Y63 _ 14X91Y63 + 5X92Y63 + 3X80Y64 _ 2X81Y64 _ X83Y64
4 8X84Y64 4 14X85Y64 _ 38X86Y64 4 18X87Y64 _ 3X88Y64 4 2X90Y64
_3XO1y 64 _ x92y64 | 9xTIY65 _ 80y 65 _ o x84y 65 | gy 85y65
+8X0Y — 14XPTY P 4 2 XY 4 XY 415Xy — 24Xy
4 7X93Y65 _ 3X84yﬁ6 4 8X85Y66 + 13X86y66 _ 99 x87y66 + 6X88Y66
+ XQOy66 4 8X91Y66 _ 7X92Y66 _ X93Y66 + X85yﬁ7 + 2X87Y67

_ X8y 6T _ 3 x90y67 | 4 x 91y 67 4 91 x92y67 _ 96Xy 67 4 x4y 67
_ 3X85Y68 + 3X86yﬁ8 4 5X87Y68 _ 3X88y68 _ X90Y68 + 11X92Y68

_ 5X Y68 _ x4y 68 | ox 9Ty 68 _ 98y 68 _ 4 x91y69 | 19 x93y69

— 11X 94y69 | 3 x 98y 69 _ 9 x99y 69 _ 9 x 91y T0 4 g x93y 70 _ 394y 70
—3X9TyT0 4 7x 98y 0 _ x99y 70 _ x100y 70 _ 3592y Tl |y x93y 71

4 X94Y71 _ 5X98Y71 4 9X99Y71 _ 2X100y71 _ X92Y72 4 9 X9y 72
_5XBYT2 L gX0YT2 _ x100yT2 _ 3% 93y T3 | gx 94y T3 _ x95y73

+ X98Y73 _ 4X99Y73 + 4X100Y73 _ 9X99Y74 + 10X100Y74 _ X101Y74
— 99XV + X 100y-75 + 92X MYy 76 _ 6X100Y76 4 3X101Ym _ 3X105y76
+ 3X106Y76 _ X107Y76 _ 2X100Y77 + X101Y77 _ 2X106Y77 + X107Y77
4 2X105y78 _ 6X106Y78 4 3X107Y78 4 XlOﬁy79 _ 2X107Y79 4 3X106y80
_ 4X107Ys0 + X113Y85.

Ci x i a, (8) 1s uniform.

3 Functional equation
The local zeta function satisfies the functional equation

CfIxHst,p(SH :P45_195C§x1{x1v13,p(5>~

p—p~1t

4 Abscissa of convergence and order of pole

The abscissa of convergence of CﬁxHng (s) is 6, with a simple pole at s = 6.



5 Ghost zeta function

The ghost zeta function is the product over all primes of

Go(5)Gp(s = DGpls = 2)Gp(s — 3)Gp(s — 4)Cp(s — 5)Gp(35 — 6)°Cy(4s — 6)

X (p(5s — T)(p(65 — 7)Cp(Ts — 8)(p(8s — 8)(p(8s — 14)(p(9s — 9)(,(9s — 14)
X (p(10s — 15)Cp(11s — 16)(p (125 — 21) Wi (p, p~*)Wa(p, p~ ") Ws(p,p~°)

x Wa(p,p*)Ws(p,p*)Ws(p,p~*)Wr(p,p™*)

where

The ghost is unfriendly.

6 Natural boundary

Ci x mx a1, (8) has a natural boundary at R(s) = 17/10, and is of type I.



