The zeta function of
M3 x M3 counting ideals

1 Presentation

M3 x Ms has presentation

[Zlawl} = I, [Zlazl} = Y1, >

21,22, W1, W2, 21,2, Y1, Y2
< ey [22, wa] = 2, [22, T2] = Y2

M3 x M3 has nilpotency class 3.

2 The local zeta function
The local zeta function was first calculated by Luke Woodward. It is

<E3><M3,p(s) Cp(s )Cp(s —1)¢p(s — 2)<p(3 - )CP(QS - 2)<p(35 - 4)2<p(45 —4)
X (p(5s — 5)(p(65 — 5)¢p(Ts — 5)(p(7s — 6)(,(8s — 6)
x (p(9s — 7)(p(9s — 10)¢,(10s — 10)¢,(11s — 11)¢, (125 — 12)
X (p(13s — 15)W (p,p~%)
where W(X,Y) is
1—-X?Y?+ XY - 3X1Y° +2X°Y° —2X*Y0 4+ X°Y° — XOYV® + X*YT
—4XOYT +4X0YT - 2XTYT 4 2X*Y® —4XOV® 4+ 3X0Y® — XTY® 4 XPY®
— X2 4+ 3X%Y? —4XOY? +4X7Y? — 2X8Y? — 2X%Y? 4 X10y?
—2X6Y10 4 XTY10 _5X9y10 4 x10y10 4 X6yt _3xTy ! 4 oxSy !
4 7X9Y11 _ 8X10Y11 4 3X11Y11 _ X12Y11 4 2X8Y12 4 3X9Y12
_ 5X10Y12 + 4X11Y12 _ XlelQ _ X8Y13 + 6X9Y13 + X10Y13
o 10X11Y13 4 7X12Y13 o 2X14Y13 o 4X9Y14 + 11X10Y14 o 9X11Y14
+ 5X12y14 _ 2X13y14 _ X9Y15 + X10Y15 + Xllylf) _ 4X12Y15
=+ 11X13Y15 o 4X14Y15 _ 2X15y15 + 2X16Y15 o X10Y16 =+ 6X11Y16
_ 10X12Y16 _ 2X13Y16 4 22X14Y16 _ 11X15Y16 4 X16Y16 _ X10Y17
+ 2X11y17 _ 6X13Y17 + 7X14Y17 + 4X15Y17 _ 4X16Y17 + 2X17y17
o 2X18Y17 + X12Y18 o 6X13Y18 o 9X14Y18 + 27X15Y18 o 24X16Y18
+ 8X17y18 + 5X18y18 _ 3X19Y18 + X12Y19 + 2X13y19 _ 19X14yl9
=+ 17X15Y19 4 X16Y19 o 7X17Y19 4 2X18Y19 4 7X19Y19 o 2X20y19
+ 5X14y20 _ 25X15Y20 4 34X16Y20 _ 25X17Y20 + 7X18Y20 4 7X19Y20



_ 4X20Y20 + 2X21Y20 _ 9X15y21 + 16X16Y21 _ 7X17y21 _ 21X18y21

+ 19X19Y21 + 3X20Y21 _ 8X21Y21 + 2X22Y21 + 2X14Y22 _ X15Y22
—16X10Y22 1 28X 17y 22 _ 14X 18y 22 _ 33X 19y 22 4 37 X0y _ 14Xy
4 3X22y22 _ X23Y22 4 X24y22 4 3X15y23 _ 7X16Y23 + 11X17Y23

_ 3X18Y23 _ 21X19y23 + 9X20Y23 + 3X21Y23 _ 8X22Y23 4 11X23y23
_ox2y23 4 x16y24 | 5x1Ty24 4 o) x 18y 24 _ 15y 19y 24 _ 4 x20y24

4+ 50X21Y24 99 x22y24 _ 19X 23y 24 | 16X 24y24 _ x25y24 _ x26y24

_ 3X17Y25 + 3X18Y25 + 27X19y25 _ 51X20y25 + 23X21Y25 + 2X22Y25

_ 8X23Y25 _ 5X24Y25 + 3X25y25 _ 3X18Y26 + 8X19Y26 4 17X20Y26

— 51Xy L 57X 22y 26 _ 36Xy 20 — 17Xy 20 4 28X Y26 — 14 X726y %6
+ X27y26 4 X28Y26 _ 4X19y27 + 28X20Y27 _ 45X2ly27 + 32X22y27

4 24X23Y27 _ 54X24Y27 4 8X25Y27 4 14X26y27 _ 4X27y27 _ 2X28Y27

+ X2V 13X 2 Y2 35X 2y 44X BY B 4 23X MYy 30X Py
+ 53X26y28 _ 26X27Y28 + 7X28Y28 + 2X29Y28 _ XSOyQS _ 3X20y29
+16X2Y% —30X22Y? 4+ 19Xy 4 37Xy — 48X Y0 4 18X 20y
4 12X27y29 _ 28X28Y29 4 4X29y29 4 4X30y29 _ XSly29 + X21Y30

4 2X22Y30 _ 17X23y30 + 25X24Y30 4 44X25y30 _ 101X26Y30 4 81X27y30
_7X28y30 _ 3829y 30 4 14 x30y30 _ 9x31y30 | x32y30 _ o x21y31
+7X2Y? - 15X Y - 6X2Y? 469XV — 67X + 23Xy
+ 17X28Y31 _ 6X29y31 _ 14X30Y31 4 9X31y31 _ 4X32Y31 =+ X33Y31

— XPY?? 11XV 49X Y 4 48XV — 90X7TYP? 4 82X Py

4 5X29Y32 _ 58X30y32 + 42X31Y32 _ 9X32Y32 _ 5X33Y32 T X34Y32
+2X2Y% — 3XHY — 26X + 68XV — T1XPTY? 4 15Xy
4 67X29Y33 _ 32X30y33 _ 22X31Y33 4 17X32Y33 4 2X33Y33 _ 6X34Y33
_3X2Yy34 _ 4 x20y34 4 3027y 34 _ o x 28y 34 4 3829y 34 | 7330y 34
_ 95X31Y34 + 66X32Y34 _ 28X33Y34 + X34Y34 + 2X35Y34 _ X36Y34

4 X25Y35 _ 15X26Y35 4 39X27Y35 _ 50X28Y35 _ 25X29y35 + 100X30Y35
— 55Xy — 8X Y 4 51XFY — 21 XY — 10Xy 47Xy
_ X26y36 _ o x2Ty36 4 1428y 36 _ 44 x29y36 _ 5x30y36 4 15 x31y36

— 126X 72Y%0 4+ 69X Y70 + 24 X3y 30 — 29Xy ?0 4 6 X0V 30 — 2X5Ty 0
+ X3BY36 _3X2TY37 4 18X BY3T — 21 XPY37T — 52X30V37 4 100X31Y 37
— 67X YT — 14XPYIT + 60Xy — 11XPY3T — 15X70Y 37 4 15Xy T
_ 7X38y37 4 X28Y38 4 17X29y38 _ 42X30Y38 _ 8X31y38 4 84X32Y38

— 123Xy 4 37Xy 4 82X Y — 75X 30y 4 25X 3Ty S 4 5 XY S



_ 4X39Y38 + X29Y39 + 13X3OY39 _ 61X31y39 + 93X32Y39 _ 65X33Y39
—59X3Y 4 83X Y — 6X0Y — 21 X3V 4 16Xy 44Xy
—9x40y39 | gx30y40 _ 16 x31y40 _ 5 x32y40 4 333y 40 _ gg x 34y 40
—17X3°Y40 4 115X30y 40 — 111 X537y 40 4 55X 38y 40 4 539y 40

_ 10X40Y40 + 3X4ly40 + 9X31Y41 _ 35X32Y41 + 54X33Y41 + 2X34Y41
—120X3°Y 4 4 112X36y 4 — 35 X37y M _ 44 X383y 4 40X 3%y

4 12X40Y41 _ 14X41Y41 4 2X42y41 4 3X31Y42 _ 5X32Y42 4 6X33Y42

+ 28 X34y 12 — 34 X35y 12 — 64 X730V 42 1+ 136 X37Y 42 — 134 X38y 12
+21XY* 45 X0V — 25 XY H? 4 10X Y - 3XPY P 42Xy
—12X33y43 1 33 X34y 43 £ 13X30Y 4 — 108 X306y 43 4 113X37Ty 43

— 30Xy * — 85 XMV 4 58X 0y H 4 10X MY — 28X Py 4 18X Py
_ XMyAs g 33yad g xBdyad | gy 3hydd g1 x36y44 g 3Ty 4
+112X38y 4 _ g9 x39y 44 _ 5o x40y 4 104 x My — 58 x 12y 44
FOXBYH 47X MY _2x3Y L aX Y 4 38X Y — 90X TY

4 105X38Y45 _ 6X39Y45 _ 106X40Y45 + 59X41Y45 4 8X42Y45 _ 34X43Y45
+10XHY® 4 XY — 4 XY 0 4 21 X0y 0 — 19X3TY 40 — 24 X8y 40
+116X39Y46 — 70 X0y 46 _ 85X 41y 46 4 131 X42y 46 _ gg x 43y 46
_ox4y16 | o A5y A6 _ 7 x a6y A6 6 36y AT | o5 w3TYAT | 40 w38y 4T

+ 33XV 4 93XV — 156X YT 4 93X YT —ax By T — sax My
+ 8X45Y47 4 14X46Y47 _ 3X47y47 + 3X37Y48 _ 14X38Y48 _ 8X39Y48

+ 52X 40y 48 L4 x4y 8 _ 93X 12y 48 156X 13y — 93X MY — 33X 15y 18
4 48X46Y48 _ 25X47Y48 + 6X48Y48 4 7X38Y49 _ 24X39y49 + 2X40Y49

+ 88X 4y 49 _ 131 x42y 19 £ 85Xy L 70Xy — 116Xy

4 24X46Y49 4 19X47Y49 _ 21X48Y49 4 4X49Y49 _ X39y50 _ 10X4OY50
+34XHY50 8 x 42y 0 _ 59 X4y 0 4 106 XYY 4+ 6X*PY50 — 105X 40y 0
+90X4TY 50 _ 38X 48y 50 _ 9 x40y 50 4 9 x50y 50 _ 7 x40y 51 _ g xaly 5l

+ 58X 12y _ 104 X3y 5 4 59 x4y 5t 4 g9 x5y St — 112X 46y L
+39X1TY P 4 31X YPH - 37X YO 44XV 43Xyl 4 X0y P2

_ 18X41Y52 + 28X42Y52 _ 10X43Y52 _ 58X44Y52 + 85X45Y52 4 30X4ﬁy52
— 113X%7Y52 £ 108X 48Y52 — 13X49y52 _ 33X50y52 4 12X51y 52
—2X°%Y5? 43X MY — 10X Y 4 25X Y — 45X MY PP — 21 XY
+134X46Y53 — 136 X417V 4 64X 48y 4 34X 49y — 28 X0y 3
—6X°PlY 53 4 5 X052y 53 _ 353y 3 | o x42y 54 L 14 x 43y 54 _ 19 x4y 4

— 40X Y 4 44 X0y £ 35 X4TY 5 — 112X 485 4 120X 40y 54



_ 2X50Y54 _ 54X51Y54 + 35X52Y54 _ 9X53Y54 _ 3X43Y55 4 10X44Y55
—5X#Y? _55X46y% 1+ 111 X47Y5° — 115X 8Y % + 17Xy

+ 98X50Y55 _ 63X51Y55 + 5X52Y55 4 16X53Y55 _ 6X54y55 + 9 x 44y 56
—4XPY0 — 16XV 4 21X*TY0 4 6 XY — 83X Y0 4 59 X0y
4 65X51Y56 _ 93X52y56 + 61X53Y56 _ 13X54Y56 _ X95y56 + 4X45Y57

— 5X 1Y — 25 XY 4 75X YT — 82X YT - 37X0Y 0T 4 123X %Y
— 84XP2Y57 48X B3y DT 4 42X 54y ST _ 17X%0Y DT — X5y ST 4 7x46y58

_ 15X47Y58 =+ 15X48Y58 + 11.X49y58 _ 60X5Oy58 + 14X°1y58 + 67X52Y58
—100X7Y"® 4 52X 1Y% 4 21 X790y — 18X %0Y?® 4 3X 5Ty 58 — X0y
4 2X47Y59 _ 6X48Y59 T 29X49Ys9 — 94 X50y59 _ 69X51Ys9 + 126X52Y59
—105X7Y " 45XV 4+ 44Xy — 14XV 4 2X5Ty 0 4 X8y

_ 7X48Y60 4 10X49Y60 + 21X50y60 _ 51X51Y60 + 8X52Y60 + 55X53Y60

— 100X 1Y% 4+ 25 XY %0 + 50X 70y — 39X°TY %0 4 15X 78y — Xy %0
4 X8y 61 _ 9 x40y 61 _ x50y 61 | 9g x5y 61 _ g5 x52y61 4 g5 x53y 6l

_ 73X54Y61 _ 38X55Y61 + 69X56Y61 _ 32X57y61 + 4X°8y61 + 3X59Y61
+6XY? —2XPYO? 17XV 02 4 22X00Y 02 4 32Xy — 67Xy
_ 15X56Y62 T 71X57Y62 _ 68X58Y62 4 26X59y62 + 3XGOyﬁ2 _ 9 x6ly62

_ X50Y63 4 5X51y63 + 9X52yﬁ3 _ 42X53Y63 + 58X54Y63 _ 5X55Y63
—82X70Y% 4 90XPTY % — 48X 8y — 9 XY 4 11Xy 4 X Oy O3

_ x°ly64 + 4X°52y 64 _ 9X53Y64 4 14X %4y 64 + 6X55Y64 _ 17X56Y64

— 23X°TY% 4 67X Y% — 69XV 46XV 4+ 15X YO - 7X 02y O
4 2X63Y64 _ X52y65 4 92 X33y 65 _ 14X54Y65 + 38X55Y65 4 7X56Y65
—81X7TY% 4 101X°°Y P — 44X%Y% — 25 X907 + 17Xy — 2x 2y %
_ X03y65 4 xB3y66 _ 4 x5y 66 _ 455y 66 4 9856y 66 _ 19 x57y 66

— 18X°PY %0 4+ 48Xy — 37X Y0 — 19X°1Y%0 4 30Xy %% — 16 XY %
+ 3X64Y66 + X54Y67 _ 2X55Y67 _ 7X56Y67 + 26X57Y67 _ 53X58Y67

+ 80Xy 67 _ 23 x 60y 67 _ 44 x 61y 67 4 35x62y 67 _ 1363y 67 _ x55y68
+2X°0Y % 4 4XPTYO® — 14X5PY % — X PIYOP 4 54X YOS — 24X Oy O

— 39X62y68 | 4563y 68 _ 9g x64y 68 | 465y 68 _ x56y69 _ x57y69

+ 14XV - 28 XY 17X Y 4 36 X0 Y — 57X Y 4 51Xy
_ 17X64Y69 _ 8X65Y69 + 3X66Y69 _ 3X59Y70 + 5X60Y70 + 8X61Y70

—9x 62y 70 _ 9363y 70 | 51 x64yT0 _ 9765y 70 _ 366y 70 | 3x6Ty 70

+ XY+ XY 16XV T 4+ 12X YT 429X YT — 59Xy T

4 40X64Y71 T 15X65Y71 _ 21X66Y71 4 5X67Y71 _ X68Y71 T 2X60y72



_ 11X61Y72 =+ 8X62Y72 _ 3X63y72 _ 9X64Y72 4 21X65Y72 4 3X66Y72
—11X6TYT2 47 x68y T2 _ g x 69y T2 _ x60y T3 | 61y T3 _ 3x62y73
+14XPY™ - 37Xy ™ 4 33X YT 4+ 14XV — 28Xy + 16X %Y
+ X09yT3 _oxT0yT3 _ 9 x62y T4 4 g 63y T4 _ gy 6ay T4 19y 65y T4
4 21X66Y74 T 7X67y74 _ 16X68Y74 4 9X69Y74 _ 2X63Y75 T 4X64y75
_ X5y TS _ 7 x66y TS 4 o5 x6TYy TS _ 34 x 68y TS 4 o5 x 09y TS _ 5 x 70y 75
4 9X64yT6 _ 7 x65yT6 _ 9 x66yT6 | 7 x6TyT6 _ 68y 76 _ 17 x69y 76
+19X70yT6 _ ox Ty 76 _ xT2yT6 | 3x 65y 7T _ 5 x66y 7T _ g x 67y 77
4 24X68y77 _ 27X69Y77 + 9X70Y77 + 6X71y77 _ X72Y77 + 2X66Y78
—9XOTYT8 4 4X08Y T8 _ 4 x69y T8 _ 7xTOyT8 L gxTIYy T8 _ 9 x T3y T8
+ X74y78 _ X68Y79 4 11X69Y79 _ 22X7Oy79 + 2X71Y79 + 10X72Y79
—6XT3YTO 4 XTAYTI _ 9 x 08y 80 4 9x69y80 4 4 x 70y 80 _ 17 x 71y 80
+ 4X72y80 _ X73Y80 _ X74Y8O 4 X75Y80 + 2X71y81 _ 5X72y81
+9XPYS — 11XV 44X TY ! 42XV — 7XTPY S 10X Y
_ X T4y82 _ 6X75Y82 4 X76Y82 4 X72Y83 _ 4X73Ys3 4 5X74Y83
_3XToY83 _gxTOy83 | xT2y84 _ gxT3y84 | gxTdy 84 _ 7y T5y 84
_oXT6y84 4 gxTTy 84 _ xT8Yy84 _ xTAy85 | 5xT5y85 _ 4 xTTy 85

4 2X78Y85 _ X74Y86 + 2X75Y86 4 2X76Y86 _ 4X77Y86 + 4X78Y86

_ 3X79Ys6 + X8Oy86 _ X76Y87 + X77Y87 _ 3X78Ys7 + 4X79Ys7

— 9 x80y87 4 X TTy88 _ 4 x 78y 88 + 4 X779y 88 _ x80y88 + X8y 89

_ X79Y89 + 2X80Y89 _ 2X79y90 + 3X80Y90 _ X80Y91 + X82Y93

_ x84y 95

Cﬁg x M3 (s) is uniform.

3 Functional equation

The local zeta function satisfies the functional equation

_ ,28—18s

CESXMS;IJ(S)L)—)I)*l - CJ\</][3><M3,P(S)'

4 Abscissa of convergence and order of pole

The abscissa of convergence of Cffang (s) is 4, with a simple pole at s = 4.



5 Ghost zeta function

The ghost zeta function is the product over all primes of

Cp(8)Cp(s — 1)Gp(s — 2)¢p(s — 3)(p(25 — 2)(p(3s — 4)2Cp(4s —4)(p(55 — b)

X Cp(6s — 5)(p(Ts — 5)Cp(7s — 6)(p(8s — 6)(p(9s — 7)(p(9s — 10)(,(10s — 10)
X Gp(11s — 11)¢p (125 — 12)¢5(13s — 15)Wi(p, p~*)Wa(p,p~*)Ws(p, p~°)

x Walp,p~*)Ws(p,p*)We(p,p~*)Wr(p,p™")

where

Wi(X,Y)=1+X10Y?

Wo(X,Y) =1+ XMy13

W3(X,Y)=1-X*Y2 4+ X*V*+ X°YV® - XO¢v6 — X7Y7 + X8Y® + X°y?
+X10Y10 _ X12Y12 +X14Y14

Wi(X,Y) =1+2X2°Y?,
W5(X,Y) =2+ X1y
We(X,Y) =1+ XY,
Wr(X,Y)=1- X"

The ghost is unfriendly.

6 Natural boundary

31, az, (8) has a natural boundary at R(s) = 10/9, and is of type IIL.



