The zeta function of g; 4
counting all subrings

1 Presentation

g6,4 has presentation
(¥1, 02, 3, T4, 5, T | [v1, T2] = @5, [w1, 23] = W6, [w2, T4] = We) -

96,4 has nilpotency class 2.

2 The local zeta function

The local zeta function was first calculated by Luke Woodward. It is
Cao,0.p(8) = Cp(8)Cp(s = 1)¢p(s = 2)Gp(s — 3)(p(25 — 5)Cp(35 — 5)Gp(3s = 7)
X (p(3s — 8)Cp(4s — 9)(p(4s — 11)¢,(5s — 12)W (p,p~°)
where W(X,Y) is
1+ X2 = XO7? 4+ XO7? — XOv* — XTv* — Xy 4+ X0y — X°Y?
_ox 10y _3x1lys _ox12y5 _ y13y5 4 x10y6 | xlly6 4 ox12y6
LXBYS | xly6 _ x15y6 _ x13yT _ xlyT _oylsyT _ xl6yT
_ XY 4 xMy8 4 ox15y8 4 3x10y8 4 31Ty 8 4 x 18y _ x19y8
+ X208 — XY 4 XY 42XV 4 2X20Y0 42Xy 4 XYY
1X22y10 4 x23y10 4 y24y,10 | y2lydl | x22y01l y x26y01  y2Ty Ll
_ x24yl2 _ x25y12 | x26y12 | x26y13 _ o x27Ty 13 _ 9 x28y13
_ox29y13 _ xB30y13 | x3ly 13 | x28yld | x20y 14 x30y14 g y3lyld
_3X32y 4 _ox 33y ld _ y34yld | y3lyl5s |y yB2y15 o x33ysl5
L XBAY15 | 35y 15 | x33y 16 xB4y16  x35y16 o y36y16 _ y3Tyr16
_ XB8Y16 | X35y 1T | ox 36y 17 | 33Ty 1T | 9y 38y AT | y30y-1T
_ XB8YI8 | xB9y18 | xdly 18 | x42y18 _ x42y19 | x43ys19 | xrddy20
_ x4sy22.

Cgo.4(5) is uniform.

3 Functional equation

The local zeta function satisfies the functional equation

C96,4»P(S)| p—1 :p15768<96‘4713(5)'
p—p



4 Abscissa of convergence and order of pole

The abscissa of convergence of (4, ,(s) is 4, with a simple pole at s = 4.

5 Ghost zeta function

The ghost zeta function is the product over all primes of

Cp(8)Cp(s — 1)Gp(s — 2)Cp(s — 3)(p(25 — 5)(p(3s — 5)(p(3s — 7)(p(3s — 8)
X Cp(4s — 9)(p(4s — 11)(p(5s — 12)Wi(p, p~°)Wa(p,p~ ) W3(p,p™®)
X Wy(p,p~*)

where

X,Y)
X,Y)=—-1+X7V34+ XMys - Xx2y?9,
X,Y)=-1- X424+ X8y*4,
X,Y)=1-Xv*

The ghost is unfriendly.

6 Natural boundary

Cge.4(s) has a natural boundary at R(s) = 13/5, and is of type IIL

7 Notes

This zeta function is a lot more complicated than the one only counting ideals!
The Lie ring is sometimes written as (Fs 3/ (2)) - Z.



