
The zeta function of p4
counting all subgroups

1 Presentation

p4 has presentation 〈
x, y, r | [x, y], r4, yr = x−1, xr = y

〉
.

2 The zeta function itself

The zeta function was calculated by du Sautoy, McDermott and Smith. It is

ζp4(s) = ζ(s− 1)L(s− 1, χ4) + 4−sζ(s)ζ(s− 1) + 2−sζ(s− 1)ζ(s− 2),

where χ4 is defined by

χ4(a) =


1 if a ≡ 1( (mod 4))

−1 if a ≡ −1( (mod 4))

0 otherwise

,

and L(s, χ4) is the Dirichlet L-function of χ4,

L(s, χ4) =

∞∑
n=1

χ4(n)n−s.

3 Abscissa of convergence and order of pole

The abscissa of convergence of ζp4(s) is 3, with a simple pole at s = 3. Since
this group is a finite extension of a free abelian group, its zeta function has
meromorphic continuation to C.
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